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Abstract
An exactly scale-invariant spectrum of scalar perturbation generated during de
Sitter spacetime is found from the gravity model of the nonminimal derivative coupling
with fourth-order term. The nonminimal derivative coupling term generates a healthy
(ghost-free) fourth-order derivative term, while the fourth-order term provides an
unhealthy (ghost) fourth-order derivative term. The Harrison-Zel’dovich spectrum
obtained from Fourier transforming the fourth-order propagator in de Sitter space
is recovered by computing the power spectrum in its momentum space directly. It
shows that this model provides a truly scale-invariant spectrum, in addition to the
Lee-Wick scalar theory.
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1 Introduction
In the evolutionary phase of density inhomogeneities, one often makes the simplifying as-
sumption that the primordial power spectrum has the simple power-law expression like
P(k) = As(k/k∗)ns−1+αs2 ln(k/k∗) with k∗ a pivot scale. The case of ns = 1 and αs = 0 corre-
sponds to the Harrison-Zeld’ovich (HZ) spectrum [1, 2, 3] and this has been ruled out by
different datasets [4]. In the picture of slow-roll inflation (quasi-de Sitter expansion), the
momentum dependence at any given time arises as a consequence of the time dependence
of H and φ˙ compared to the de Sitter (dS) expansion of constant H and φ˙ = 0. Recent data
from Planck has shown that the scalar spectrum is a nearly scale-invariant one with the
amplitude As =
1
2ǫ∗M2P
(H2∗/2pi)
2 = (2.441±0.092)×10−9, implying that it is approximately
1(more precisely, ns = 0.9603± 0.0073) [5].
On the other hand, it is worth noting that the power spectrum of a massless minimally
coupled (mmc) scalar in dS expansion takes the form of (H/2pi)2[1 + (k/aH)2]. It reduces
to the HZ scale-invariant spectrum of (H/2pi)2 in the superhorizon region of k ≪ aH ,
whereas it leads to (k/2pia)2 in the subhorizon region of k ≫ aH [6]. We note here that
the latter is just the spectrum of a massless conformally coupled (mcc) scalar generated
during dS expansion. This happens to the tensor spectrum too. Clearly, the HZ scale-
invariant spectrum is related to the two-point function which is logarithmically growing for
largely separated points in dS space. Recently, it was shown that the IR growing of the
two-point function is physical because Fourier transforming logarithmic two-point function
can lead to the HZ spectrum when one tames logarithmic divergence by using Cesa`ro-
summability technique [7]. This implies that one could obtain the HZ spectrum through
an IR regularization procedure.
More recently, the authors have obtained the HZ spectrum (H/2pi)2 from the Lee-
Wick model of a fourth-order derivative scalar theory in dS spacetime [8]. Here we have
obtained the fourth-order propagator as the inverse of the Lee-Wick (LW) operator ∆LW =
− 1
M2
(∇¯4−M2∇¯2) withM2 mass parameter. The operator of “−M2∆LW” becomes the Weyl
operator ∆4 = ∇¯4 − 2H2∇¯2 in dS spacetime [9] which is a conformally covariant operator
only when choosing M2 = 2H2. The HZ spectrum obtained by Fourier transforming the
propagator in dS spacetime was confirmed by computing the power spectrum directly in
momentum space. Also, the scale-invariant tensor spectrum generated during dS inflation
could be found from the conformal gravity of
√−gC2 [10]. This suggests strongly that
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a fourth-order derivative theory related to conformal symmetry provides the HZ scale-
invariant spectrum in whole dS spacetime.
In this work, we wish to look for another model which may provide a HZ scale-invariant
spectrum. This would be the nonminimal derivative coupling [11, 12, 13, 14, 15] with
fourth-order term because this coupling provides −3ξH2∇¯2-term naturally for dS inflation.
If a priori arbitrary parameter ξ is tuned to be 2/3, one could obtain the scale-invariant
spectrum. In this case, this model is more attractive than the LW model. Although the
computation of the slow-roll inflation (quasi-dS expansion) is promising to compare with
observation data, we here compute power spectrum generated during dS inflation because
the computation is more easy and intuitive than those in quasi-dS expansion.
2 Gravity model
We start with the gravity model whose action is given by
SENF = SE + SNF =
∫
d4x
√−g
[( R
2κ
− Λ
)
+
1
2M2
(
ξGµν∂
µφ∂νφ− (∇2φ)2
)]
, (1)
where κ = 8piG = 1/M2P, MP being the reduced Planck mass, and M
2 is a coupling
parameter with dimension of mass squared. Here Gµν = Rµν − Rgµν/2 is the Einstein
tensor and ξ is a coefficient to be adjusted as 2
3
. Λ is introduced as a positive cosmological
constant to obtain dS spacetime, instead of potential V . We note that the scalar φ has
dimension of mass. The former term in the last parenthesis is the nonminimal derivative
coupling (NDC) term [11, 12, 13, 14, 15] and the latter denotes the fourth-order kinetic (FK)
term. We note that the former generates no more degrees of freedom (DOF) than general
relativity canonically coupled to a scalar field, while the latter generates a new scalar DOF
because it is a fourth-order derivative term. It may be noted that the former generates
healthy (ghost-free) higher derivative terms, while the latter is unhealthy (ghost) higher
derivative terms. At the first sight, the combined action SNF seems to be an unbalanced
scalar model. For reference, we introduce the LW model given by [16, 17, 18]
SLW = −1
2
∫
d4x
√−g
[
gµν∂
µφ∂νφ+
1
M2
(∇2φ)2
]
, (2)
where the first term denotes the canonically coupled (CC) term.
Now we wish to explain the cosmological relevance of our model SNF. The NDC was
introduced firstly by noting that the friction is enhanced gravitationally at higher energies
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in the slow-roll inflation [14]. Actually, the NDC makes any potential adequate for inflation
without introducing dangerous higher time derivative (ghost state) [15]. The NDC flattens
a steep (non-flat) potential effectively as well as it increases friction. Also, we note that this
kind of coupling could be view as either a subgroup of Horndeski theory [19] or the most
general scalar-tensor theory which is regarded as a ghost-free theory [20]. These theories
were used to construct theoretically consistent model of inflation [21]. Here, we wish to
explore the role of NDC in the dS inflation by reminding that Gµν takes the simple form
of −3H2gµν during dS phase.
At this stage, we would like to mention the inclusion of FK term. In this case, one
immediately ask the question of “can the model (1) be a consistent theory?” because the
FK term generates the ghost in Minkowski spacetime. The existence of the ghost may imply
the inconsistency of the model. For simplicity, we consider the LW theory (2) because it
includes the FK term too. It is worth noting that this model was employed successfully
to derive a bouncing universe to avoid singularity and a scale-invariant spectrum [18].
This was possible to occur because (2) can be rewritten by two fields: one is a normal
scalar φˆ and the other is a LW (ghost) scalar φ˜. The LW perturbation theory is a higher
derivative theory and thus, it contains propagators with wrong sign residues about the
new poles. Lee and Wick have provided a prescription for handling this issue [16, 17].
The LW-particles associated with these new poles are not in the spectrum, but φ˜ decays
to ordinary degrees of freedom instead. Their resummed propagators do not satisfy the
usual analyticity properties since the poles are on the physical sheet. They have proposed
deforming integration contours in the Feynman diagrams so that there is no catastrophic
exponential growth as time increases. This amounts to a future boundary condition and
thus, the LW theory violates the usual causal conditions. While the Lee-Wick interpretation
is peculiar, it seems to be consistent, at least in perturbation theory, and predictions for
physical observables can be made order by order in perturbation theory.
We remind the reader that for ξ = 2/3, the contribution from the ghost (mcc scalar) is
found to be essential to obtain a scale-invariant spectrum by canceling of time-dependent
term arising from the healthy (mmc) scalar in dS spacetime. Even though the FK term
causes the ghost state, it is necessary to have a scale-invariant scalar spectrum in the
dS inflation because it provides a scalar degrees of freedom other than φ. In the case of
ξ 6= 2/3, SNF implies two scalars: one is a healthy massless scalar and the other is an
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unhealthy massive scalar. In this case, there is no cancellation between two scalars and
thus, the scalar power spectrum is not positive definite (unitary).
Varying the action (1) with respect to the metric tensor gµν leads to the Einstein equa-
tion
Gµν + κΛgµν = κT
NF
µν = κ(T
NDC
µν + T
FK
µν ), (3)
where two energy-momentum tensors are given by
M2TNDCµν = ξ
[1
2
R∇µφ∇νφ− 2R(ν ρ∇|ρ|φ∇µ)φ+ 1
2
Gµν(∇φ)2 − Rµρνσ∇ρφ∇σφ
− ∇µ∇ρφ∇ν∇ρφ+ (∇µ∇νφ)∇2φ
+ gµν
(
Rρσ∇ρφ∇σφ− 1
2
(∇2φ)2 + 1
2
(∇ρ∇σφ)∇ρ∇σφ
)]
(4)
and
M2T FKµν = −∇µ(∇2φ)∇νφ−∇ν(∇2φ)∇µφ+ gµν
[
∇ρ(∇2φ)∇ρφ+ 1
2
(∇2φ)2
]
. (5)
We observe that TNDC ∼ T FK when one disregards curvature coupled derivative terms in
(4).
On the other hand, the scalar equation for the action (1) is given by
∇4φ+ ξGµν∇µ∇νφ = 0. (6)
In order to see how the universe evolves with (1), we consider the spatially flat FRW
spacetime by choosing cosmic time t as
ds2FRW = −dt2 + a(t)2(dx2 + dy2 + dz2). (7)
Replacing Λ by the potential V , two Friedmann equations take complicated forms
H2 =
κ
3
[
ρNDC + V + ρFK
]
=
κ
3
[9
2
H2
M2
φ˙2 + V +
1
M2
(
3H˙φ˙2 +
...
φφ˙− 9
2
H2φ˙2 − 1
2
φ¨2
)]
, (8)
H˙ = −κ
2
[(3H2
M2
− H˙
M2
)
φ˙2 +
1
M2
(
6H˙φ˙2 + 2
...
φφ˙+ 4Hφ¨φ˙
)]
, (9)
where the overdot (˙) denotes the differentiation with respect to time t. We observe from
(8) that even though fourth-order derivative terms are generated in TNDCµν , there is no ghost
state in ρNDC which means that any dangerous higher time-derivative is not generated. This
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is why one favors the NDC term to enhance friction effects in the slow-roll inflation [14, 15].
On the contrary, T FKµν generates ghost states in ρFK because of fourth-order derivative term.
Hence, the inclusion of ρFK is problematic to obtain a solution of the universe evolution.
This is a basic difference between NDC and FK in the FRW universe.
The scalar equation is given by
....
φ + 6H
...
φ + (12H2 + 6H˙)φ¨
+ (9H3 + 15HH˙ + 3H¨)φ˙+M2
dV
dφ
= 0. (10)
Requiring the slow-roll conditions of φ˙2 < 2H2 and φ¨ < 3Hφ˙ with neglecting all higher-
order time derivative terms from FK term, Eqs. (8) and (10) may be written approximately
as
H2 ≃ κ
3
V, (11)
3Hφ˙ ≃ −M
2
3H2
dV
dφ
, (12)
which seem to be oversimplified equations. This means that it is very difficult to find
the corresponding slow-roll equations if one includes the FK term. However, one always
obtains the dS solution for φ=const and V = Λ because two Friedmann and scalar equations
reduce to H2 = κΛ/3 and H˙ = 0 with a trivially satisfied scalar equation. In this case,
all scalar-derivative terms disappear but its perturbation will keep the nature of NDC+FK
terms. This is a reason why we will choose the simplistic background geometry of dS
spacetime to study cosmological implication of our action (1). It is interesting to note that
the Einstein+NDC+CC terms provides the dS form a(t) = eHt with H = (3
√
ξ/M2)−1 and
φ(t) = e−t/
√
ξ/M2 at t = −∞ [22].
A solution of dS spacetime to Eqs.(3) and (6) together with T¯NFµν = 0 can be easily found
when one chooses a constant scalar
R¯ = 4κΛ, φ¯ = const. (13)
Here, the curvature, Ricci, and Einstein tensors can be written by
R¯µνρσ = H
2(g¯µρg¯νσ − g¯µσg¯νρ), R¯µν = 3H2g¯µν , G¯µν = −3H2g¯µν (14)
with Hubble constant H =
√
κΛ/3. Further, the flat-slicing of dS spacetime can be realized
by introducing conformal time η as
ds2dS = g¯µνdx
µdxν = a(η)2[−dη2 + δijdxidxj ], (15)
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where a(η) is conformal scale factor expressed by
a(η) = − 1
Hη
. (16)
During dS inflation , the scale factor a goes from small to a very large value like af/ai ≃ 1030
which implies that the conformal time η = −1/aH(z = −kη) runs from−∞(∞) [the infinite
past] to 0−(0) [the infinite future]. However, the termination of inflation is not controlled by
the cosmological constant and thus, the inflation continues eternally. In other words, there
is no mechanism to exit from inflation. Even though the dS inflation has such a handicap
in compared to slow-roll inflation (quasi-dS inflation), we choose the dS inflation because
our model (1) seems unlikely to provide the slow-roll inflation.
The dS SO(1,4)-invariant distance between two spacetime points xµ and x′µ is defined
by
Z(x, x′) = 1− −(η − η
′)2 + |x− x′|2
4ηη′
= 1− (x− x
′)2
4ηη′
(17)
since Z(x, x′) has the ten symmetries which leave the metric of dS spacetime invariant.
Here (x− x′)2 is the Lorentz-invariant flat spacetime distance.
3 Scalar fourth-order propagator
One begins with general perturbed metric with 10 DOF
ds2 = a(η)2
[
− (1 + 2Ψ)dη2 + 2Bidηdxi + (δij + h¯ij)dxidxj
]
, (18)
where the SO(3)-decomposition is given by
Bi = ∂iB +Ψi, h¯ij = 2Φδij + 2∂ijE + ∂iE¯j + ∂jE¯i + hij (19)
with the transverse vectors ∂iΨ
i = 0, ∂iE¯
i = 0, and transverse-traceless tensor ∂ih
ij =
h = 0. To investigate the cosmological perturbation around the dS spacetime (15), we
might choose the Newtonian gauge as B = E = 0 and E¯i = 0. Under this gauge, the
corresponding perturbed metric with 6 DOF and perturbed scalar can be written as
ds2 = a(η)2
[
− (1 + 2Ψ)dη2 + 2Ψidηdxi +
{
(1 + 2Φ)δij + hij
}
dxidxj
]
, (20)
φ = φ¯+ ϕ. (21)
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Now we linearize the Einstein equation (3) around the dS background to obtain the cos-
mological perturbed equations. It is known that the tensor perturbation is decoupled from
scalars. The tensor equation becomes a tensor form of a massless scalar equation
δRµν(h)− 3H2hµν = 0→ ∇¯2hij = 0. (22)
We mention briefly how do two scalars Ψ and Φ, and a vector Ψi go on. The linearized
Einstein equation requires Ψ = −Φ which was used to define the comoving curvature
perturbation in the slow-roll inflation and thus, they are not physically propagating modes
in dS spacetime. During the dS inflation, no coupling between {Ψ,Φ} and ϕ occurs since
φ¯ = 0 implies δTNDCµν = δT
FK
µν = 0. Furthermore, the vector Ψi is not a propagating mode
in the ENF theory because it has no kinetic term. Hence, we have the tensor hij with 2
DOF propagating in dS spacetime.
It would be better to find the scalar power spectrum by making Fourier transform of
propagator in dS spacetime. First of all, we consider the ξ = 2/3 case. In this case, the
perturbed scalar equation takes the form
∇¯4ϕ+ ξG¯µν∇¯µ∇¯νϕ = 0→ξ=2/3 ∇¯4ϕ− 2H2∇¯2ϕ ≡ ∆4ϕ = 0, (23)
where ∆4 is just the Weyl operator (conformally covariant fourth-order operator) in dS
spacetime [9, 23]. This is the main reason why we have introduced our action of SENF (1).
Actually, the non-degenerate fourth-order equation can be factorized as
∇¯2(∇¯2 − 2H2)ϕ = 0, (24)
which implies two second-order equations for mmc and mcc scalars
∇¯2ϕ(mmc) = 0, (25)
(∇¯2 − 2H2)ϕ(mcc) = 0, (26)
where the solution to (24) is given by ϕ = ϕ(mmc) + ϕ(mcc). For simplicity, (i) denotes two
cases: (i=1) for mmc and (i=2) for mcc. We emphasize that a choice of ξ = 2/3 leads to a
mcc scalar. Otherwise, one has a massive scalar propagating on dS spacetime.
Expanding ϕ(i) in terms of Fourier modes φ
(i)
k
(η)
ϕ(i)(η,x) =
1
(2pi)
3
2
∫
d3k φ
(i)
k
(η)eik·x, (27)
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Eqs.(25) and (26) become
( d2
dz2
− 2
z
d
dz
+ 1
)
φ
(1)
k
= 0, (28)( d2
dz2
− 2
z
d
dz
+ 1 +
2
z2
)
φ
(2)
k
= 0 (29)
with z = −ηk. Solutions to (28) and (29) are given by
φ
(1)
k
= c1(i+ z)e
iz , (30)
φ
(2)
k
= c2ize
iz , (31)
where c1 and c2 are constants to be determined. These will be used to compute the power
spectrum directly in the next section.
On the other hand, the linearized equation with an external source Jϕ takes the form
∆4ϕ = −M2Jϕ → ϕ(x) = −M
2
∆4
Jϕ ≡ −D(Z(x, x′))Jϕ(x′), (32)
where the propagator is given by the inverse of ∆4 as [24]
D(Z(x, x′)) =
M2
2H2
[ 1
−∇¯2 −
1
−∇¯2 + 2H2
]
=
M2
2H2
[Gmmc(Z(x, x
′))−Gmcc(Z(x, x′))] (33)
with the dS-invariant distance Z(x, x′) (17). Here the propagators of mmc scalar [25] and
mcc scalar [26] in dS spacetime are given by
Gmmc(Z(x, x
′)) =
H2
(4pi)2
[ 1
1− Z − 2 ln(1− Z) + c0
]
, Gmcc(Z(x, x
′)) =
H2
(4pi)2
1
1− Z , (34)
where the former is the dS invariant renormalized two-point function (on the space of non-
constant modes), while the latter is the simplest scalar two-point function on dS spacetime.
Substituting (34) into (33), the propagator takes the form
D(Z(x, x′)) =
M2
16pi2
(
− ln[1− Z(x, x′)] + c0
2
)
(35)
which is a purely logarithm up to an additive constant c0.
The scalar power spectrum is defined by Fourier transforming the propagator at equal
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time η = η′ as given by
P = 1
(2pi)3
∫
d3r 4pik3D(Z(x, η;x′, η))e−ik·r, r = x− x′ (36)
=
1
(2pi)3
k3M2
4pi
∫
d3r
(
− ln
[ r2
4η2
]
+
c0
2
)
e−ik·r (37)
= − 1
(2pi)3
k3M2
4pi
∫
d3r ln[r2]e−ik·r +
k3M2
4pi
(
ln[4η2] +
c0
2
)
δ3(k) (38)
= −M
2k2
8pi3
∫ ∞
0
dr
{
r sin[kr] ln[r2]
}
, (39)
where the last (time-dependent) term in (38) disappeared, thanks to
k3δ3(k) =
kδ(k)δ(θ)δ(φ)
sin θ
= 0. (40)
We may use Cesa`ro-summation method to compute a logarithmically divergent integral
(39) [7]. For this purpose, we note that the integral of
∫∞
0
f(x)dx is Cesa`ro summable, if
(C, α) = lim
λ→∞
∫ λ
0
dx
(
1− x
λ
)α
f(x) (41)
exists and is finite for integer α ≥ 0. Then, (C, β) is also Cesa`ro summable for any integer
β > α.
To investigate Cesa`ro-summability of the integral explicitly, we focus on f(r) = r sin[kr] ln[r2]
in (39). In this case, (C, α) is
(C, α) = lim
λ→∞
∫ λ
0
dr
(
1− r
λ
)α (
r sin[kr] ln[r2]
)
. (42)
We note that the integral (C, 0) takes the same form as (39). After manipulations, we have
(C, 0) = − 1
k2
lim
λ→∞
[(
kλ cos[kλ]− sin[kλ]
)
ln[λ2/2] + Si[kλ]
]
, (43)
where Si[x] denotes the sine-integral function defined by Si[x] =
∫ x
0
(sin[t]/t)dt. The first
two terms in (43) diverge in the λ→∞ limit and thus, (C, 0) is not a convergent integral.
However, the last term in (43) is finite as it is shown in
lim
λ→∞
∫ kλ
0
sin[t]
t
dt =
pi
2
. (44)
Further, (C, 1) is also not convergent since it becomes
(C, 1) = − 1
k2
lim
λ→∞
(
sin[kλ] ln[λ2/2] + Si[kλ]
)
, (45)
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where the first term diverges in the limit of λ → ∞. On the other hand, for α = 2, the
corresponding integral (42) has a finite value
(C, 2) = − 2
k2
lim
λ→∞
(
Si[kλ]
)
= − pi
k2
, (46)
where we used (44). Also, we have checked that in the limit of λ→∞,
(C, 2) = (C, 3) = (C, 4) = (C, 5) = · · · . (47)
This implies that (C, β) is also Cesa`ro summable for any integer β > α = 2.
Considering (39) together with (46), the scalar spectrum takes the form
P = M
2
8pi2
. (48)
For M2 = 2H2, it leads to an exactly scale-invariant spectrum
P =
(H
2pi
)2
. (49)
This can be easily checked by noting that for M2 = 2H2 and ξ = 2/3, SNF in (1) becomes
the Lee-Wick scalar model in dS spacetime [8].
If one uses (33) instead of (35) with M2 = 2H2, after Fourier transforming it, its
spectrum is computed to be
Pf = Pmmc −Pmcc =
(H
2pi
)2[
1 + (kη)2 − (kη)2
]
=
(H
2pi
)2
, (50)
which is a unitary scale-invariant spectrum.
Finally, we would like to mention the unfixed ξ case whose fourth-order equation is
given by
∇¯4ϕ+ ξG¯µν∇¯µ∇¯νϕ = 0→ ∇¯4ϕ−m2ξ∇¯2ϕ ≡ ∆ξ4ϕ = 0 (51)
with the mass squared
m2ξ = 3ξH
2. (52)
Its propagator takes the form
D[Z(x, x′), m2ξ] =
M2
2H2
[ 1
−∇¯2 −
1
−∇¯2 +m2ξ
]
=
M2
2H2
[
Gmmc(Z(x, x
′))−G[Z(x, x′), m2ξ]
]
.
(53)
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In general, a massive scalar propagator G[Z;m2ξ ] must depend on the SO(1,4)-invariant
distance Z(x, x′) (17) which has ten symmetries in dS spacetime. Also, it should satisfy
the scalar wave equation for x 6= x′ (Z 6= 1)[
Z(1− Z) d
2
dZ2
+ 2(1− 2Z) d
dZ
− m
2
ξ
H2
]
G[Z(x, x′);m2ξ ] = 0 (54)
whose solution is given by the hypergeometric function
G[Z;m2ξ] =
H2
16pi2
Γ(
3
2
+ νξ)Γ(
3
2
− νξ) 2F1
[3
2
+ νξ,
3
2
− νξ, 2;Z
]
, νξ =
√
9
4
− m
2
ξ
H2
. (55)
At x = x′, (55) is correctly normalized for (54) to give δ4(x, x′) with unit weight. We observe
that νξ ≥ 0→ 0 < ξ ≤ 34 . The negative ξ is not allowed because it gives us tachyon. Here
we note that G[Z,m2ξ = 0] → Gmmc(Z) and G[Z,m2ξ=2/3 = 2H2] → Gmcc(Z). However, it
is a formidable task to obtain its scalar power spectrum by Fourier transforming (53) at
η = η′ because it is difficult to Fourier transform G[Z(x, η;x′, η), m2ξ] with Z = 1− |x−x
′|2
4η2
.
In the next section, we could compute the scalar power spectrum for arbitrary ξ ≤ 3/4
directly.
4 Scalar spectrum
In order to compute scalar power spectrum directly, we have to obtain the second-order
bilinear action. Making use of the Ostrogradski’s formalism, one may rewrite the fourth-
order bilinear action δSNF obtained by bilinearizing (1) as the second-order bilinear action
δS
(2)
NF =
1
2M2
∫
d4x
[
a2H2
(
(3ξ − 4)α2 − 3ξ∂iϕ∂iϕ
)
−
(
(α′)2 − 2∂iα∂iα + ∂2ϕ∂2ϕ
+4aHαα′ − 4aHα∂2ϕ
)
+ 2M2λ(α− ϕ′)
]
, (56)
where α ≡ ϕ′ is a new variable to lower fourth-order derivative down and λ is a Lagrange
multiplier. In (56), the prime (′) denotes the differentiation with respect to η.
From the action (56), the conjugate momenta are given by
piϕ = −λ, piα = − 1
M2
(α′ + 2aHα). (57)
Varying the action (56) with respect to λ and α leads to equations
α = ϕ′, λ = − 1
M2
(
α′′ + a2H2(3ξ − 2)ϕ′ − 2∂2α + 2aH∂2ϕ
)
. (58)
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Plugging (58) into (57), the conjugate momenta are given by
piϕ =
1
M2
(
ϕ′′′ + a2H2(3ξ − 2)ϕ′ − 2∂2ϕ′ + 2aH∂2ϕ
)
, piα = − 1
M2
(ϕ′′ + 2aHϕ′). (59)
The canonical quantization is accomplished by imposing two commutation relations
[ϕˆ(η,x), pˆiϕ(η,x
′)] = iδ(x− x′), [αˆ(η,x), pˆiα(η,x′)] = iδ(x− x′). (60)
The field operator ϕˆ can be expanded in Fourier modes as
ϕˆ(η,x) =
1
(2pi)
3
2
∫
d3k
[(
aˆkφ
(1)
k
(η) + bˆkφ
(2)
k
(η)
)
eik·x + h.c.
]
, (61)
where φ
(1)
k
and φ
(2)
k
were given by (30) and (31). When one substitutes (61) into the operator
of pˆiϕ, αˆ(≡ ϕˆ′), and pˆiα, one obtains the corresponding expressions. Plugging these all into
(60), two commutation relations take the forms
[aˆk, aˆ
†
k′
] = δ(k− k′), [bˆk, bˆ†k′ ] = −δ(k− k′). (62)
It is noted that two mode operators (aˆk, bˆk) are necessary to take into account of fourth-
order theory quantum mechanically as the Pais-Uhlenbeck fourth-order oscillator has been
shown in [27]. We remind the reader that the unusual commutator for (bˆk, bˆ
†
k′
) reflects that
the FK term contains the ghost state scalar [28]. In addition, two Wronskian conditions
are found to be[
φ
(1)
k
{(
φ
∗(1)
k
(η)
)′′′
+
(
(3ξ − 2)a2H2 + 2k2
)(
φ
∗(1)
k
(η)
)′
− 2aHk2φ∗(1)
k
(η)
}
−φ(2)
k
{(
φ
∗(2)
k
(η)
)′′′
+
(
(3ξ − 2)a2H2 + 2k2
)(
φ
∗(1)
k
(η)
)′
− 2aHk2φ∗(2)
k
(η)
}]
− c.c. = iM2,[(
φ
(1)
k
)′{(
φ
∗(1)
k
(η)
)′′
+ 2aH
(
φ
∗(1)
k
(η)
)′}
−
(
φ
(2)
k
)′{(
φ
∗(2)
k
(η)
)′′
+ 2aH
(
φ
∗(2)
k
(η)
)′}]
− c.c. = −iM2, (63)
which will be used to fix the coefficients of solutions φ
(1)
k
and φ
(2)
k
to two second-order
equations
∇¯2φ(1)
k
= 0, (64)
(∇¯2 −m2ξ)φ(2)k = 0, (65)
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where m2ξ is given by (52). Explicitly, the solutions are determined to be
φ
(1)
k
=
M
mξ
H√
2k3
(i+ z)eiz , φ
(2)
k
=
M
mξ
H√
2k3
z
3
2Hνξ(z), (66)
where H
(1)
νξ is the first-kind Hankel function and its index νξ is given by (55).
On the other hand, the power spectrum of the scalar is defined by [6]
〈0|ϕˆ(η,x)ϕˆ(η,x′)|0〉 =
∫
d3k
Pϕ(k, η)
4pik3
eik·(x−x
′). (67)
Considering the Bunch-Davies vacuum state imposed by aˆk|0〉 = 0 and bˆk|0〉 = 0, (67) is
computed as
Pϕ(k, η) = k
3
2pi2
(∣∣∣φ(1)k ∣∣∣2 − ∣∣∣φ(2)k ∣∣∣2
)
(68)
=
M2
12ξpi2
[
(1 + z2)− pi
2
z3|H(1)νξ (z)|2
]
, (69)
where we have used (52). Importantly, the minus sign (−) in (68) appears because the
unusual commutation relation (bˆk, bˆ
†
k′
) for ghost state was used. We expect to derive the
power spectrum (69) by Fourier transforming (53) at η = η′.
For ξ = 2/3(νξ = 1/2), it is shown that considering
H
(1)
1/2(z) =
√
2
pi
z−1/2ei(z−π/2), (70)
the power spectrum (69) is found to be
Pϕ = M
2
8pi2
[
1 +
k2
(aH)2
− k
2
(aH)2
]
=
M2
8pi2
. (71)
For M2 = 2H2, it leads to the HZ scale-invariant power spectrum
PM2=2H2ϕ =
(
H
2pi
)2
, (72)
which is just the same form as in (49). We emphasize that the minus sign in (71) is essential
to derive a scale-invariant spectrum from the scale-variant spectrum (69).
Finally, we would like to mention that for ξ 6= 2/3, its power spectrum (69) becomes
Pϕ(k, η) = M
2
12ξpi2
[
1 +
( k
aH
)2
− pi
2
( k
aH
)3
|H(1)νξ
( k
aH
)
|2
]
, (73)
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which is obviously a scale-variant spectrum for dS inflation. In the superhorizon limit of
z → 0(k ≪ aH), (73) takes the form
Pϕ(k, η)|z→0 = M
2
12ξpi2
[
1−
( Γ(νξ)
Γ(3/2)
)2( k
2aH
)3−2νξ]
(74)
which is not scale-invariant.
5 Discussions
We have obtained an exactly scale-invariant spectrum of scalar perturbation generated
during de Sitter inflation from the gravity model of the nonminimal derivative coupling
with fourth-order term. This is the case of ξ = 2/3 where there was cancellation between
healthy massless scalar and unhealthy (ghost) scalar. For ξ 6= 2/3, we have obtained the
scale-variant spectrum (73) where there was no cancellation between healthy massless scalar
and unhealthy massive scalar.
The nonminimal derivative coupling term generates a healthy second-order term of
−2H2∇¯2ϕ for ξ = 2/3, while the fourth-order term provides an unhealthy fourth-order
derivative term. This combination provided the linearized scalar equation of ∆4ϕ = 0
expressed in term of the Weyl fourth-order operator ∆4 in dS spacetime. In this sense, our
model SNF of NDC with FK term is more promising than the LW scalar model (2) where
the NDC term is replaced by CC term of −∇¯2ϕ.
Now we explain a consistency of our perturbation theory in dS spacetime. The dS-
invariant correlation function (55) was constructed to possess full conformal invariance. We
note that our propagator (35) is a logarithmic correlator with the zero conformal weight.
This means that our model (1) with ξ = 2/3 may be considered as a minimal model
which is allowed by unitarity of quantum field theory in dS spacetime. Our fluctuations
which are similar to the anomaly scalar fluctuations [23, 24] can give rise to the HZ scale-
invariant power spectrum (49) in a fully SO(3,1) conformally invariant way on the dS
horizon. This implies that that (35) can give the unitary scale-invariant power spectrum
(50) in dS spacetime. However, our model with ξ 6= 2/3 has led to the scale-variant
spectrum (73) which violates the unitarity.
The HZ scale-invariant spectrum was obtained from Fourier transforming the fourth-
order propagator (35) in de Sitter spacetime. Taming a logarithmic IR divergence by making
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use of the Cesa`ro summability technique, we arrived at the power spectrum of (H/2pi)2.
Importantly, this HZ spectrum was also recovered by computing the power spectrum in its
momentum space directly. In obtaining the power spectrum, we have used the Ostrograd-
ski’s formalism and quantization scheme of Pais-Uhlenbeck fourth-order oscillator. Hence,
it is argued that our model (1) can provide a consistent perturbation theory on the dS
background. Here, we remark that in the case of M2 = 1, one has a scalar with zero mass
dimension in (1). This corresponds to the case (7.3) in [24]. In this case, one has a constant
power spectrum of P = 1/(8pi2) which seems to be trivial.
Finally, we would like to mention the ghost issue because the FK term generates ghost
problem. It is well known that NDC term does not contain a ghost due to the use of the
Einstein tensor as a coupling function, while other NDC terms could contain ghosts [22].
We discuss this issue by separating the dS background from the perturbation around dS
background. This suggests strongly that one has to distinguish higher-time derivative
terms (ghost) from ghost state (negative-norm state). As was observed from (8), it is evi-
dent that ρNDC does not contain any dangerous higher-time derivative terms (ghost), while
ρFK involves fourth-order time derivatives (ghost). In the case of choosing dS background
(H=const, V = Λ, φ=const), all time-derivatives of H and φ disappear. This implies that
we never worry about the ghost issue on the background evolution. In the case of slow-roll
inflation (quasi-dS), however, the ghost problem arises due to the presence of ρFK. Going
back to the perturbed scalar equation (51), its fourth-order propagator (53) shows the ghost
state (negative sign in front of G[Z(x, x′), m2ξ]). However, for ξ = 2/3, its propagator re-
duces to the logarithmic form (35) in dS spacetime which shows no ghost states even though
minus sign is present. By Fourier transforming it at equal-time leads to the scale-invariant
spectrum (49) forM2 = 2H2 which is free from ghost state (negative-norm state). This was
confirmed by computing the power spectrum directly: (73)→(71). Even though the FK
term gives rise to ghost state apparently, a special fourth-order propagator (71) could be
represented by a difference of green functions between mmc (massless minimally coupled)
scalar and mcc (massless conformally coupled) scalar propagating in dS background. The
former corresponds to the dS-invariant renormalized two-point function, whereas the latter
represents the simplest scalar two-point function in dS spacetimes. This is closely related to
the fact that ∆4 in (23) becomes the Weyl operator (conformally covariant fourth-order op-
erator in dS Spacetime). This difference indicates the power spectrum (50) which is clearly
16
ghost-free (positive-norm state) and scale-invariant. However, it seems unlikely to obtain
the ghost-free propagator from the same operator of ∂2(∂2 −m2) in Minkowski spacetime
[29].
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